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Abstract 
This paper presents a characteristic diagram based approach to the correction of thermally induced tool center point displacements of machine 
tools. The entire process from the introduction of the correction principle to the issues arising in the online capable application of this 
correction method will be discussed, with special focus on the improvement and optimization of the calculation, input selection and grid 
structures of the characteristic diagrams. 
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1. Introduction 
 
Machine tools deform during their operation due to waste heat 
from motors and frictional heat from guides, joints and the tool, 
while coolants act to reduce this influx of heat. Additional thermal 
influences come from the machine tool's environment and 
foundation. This leads to inhomogeneous, transient temperature 
fields inside the machine tool which displace the tool center point 
(TCP) and thus reduce production accuracy and finally the product 
quality. This effect can be lessened through active cooling which 
requires considerable amounts of energy. Another possibility is to 
stabilize the temperature fields by allowing for leadtime or to limit 
the waste heat by reducing the operating speed. 
The Collaborative Research Centres/Transregio 96 (CRC/TR 
96), a German Research Foundation (DFG) project, attempts to 
shift this balance between productivity, energy efficiency and 
product quality by reducing the impact of waste heat on the TCP 
positioning accuracy while reducing or even eliminating the need 
of leadtime and coolants. This is done e. g. by examining the heat 
flux within the machine tool and the exchange with its 
surroundings in order to improve simulation models and 
parameters. Another approach is through improving the efficiency 
and quality of cooling systems or optimizing motor efficiency. 
Measures of compensation include designing structures to actively 
control the heat distribution inside the machine tool. TCP 
displacement correction can be achieved by adding temperature or 
local displacement sensors in order to predict the machine tool 
deformation and correct it online, during operation. The current 
progress and some early results of the CRC/TR 96 can be found in 
[1]. 
This paper presents one such correction algorithm which uses 
high-dimensional characteristic diagrams to directly map 
temperatures taken at selected locations on or inside the machine 
tool onto the corresponding TCP displacement. It builds on 
previous results achieved in the CRC/TR96 and improves the 
thermo-elastic correction through the use of efficient iterative 
solvers and optimal sensor placement. Further improvements to 
this method through optimal grid structuring and the extension to 
moving machine tool axes are part of the ongoing research and 
will be discussed briefly at the end. 
 
2. Principle of characteristic diagram based thermo-elastic 
correction 
 
If the complete temperature field inside a machine tool is 
given, then the deformation field can be calculated and thus the 
TCP displacement obtained. Since the heat flux in machine tools is 
slow and the temperature field within its components steady, a 
finite set of points will suffice for a precise reconstruction of the 
temperature field and the errors caused by this simplification will 
be small so long as the points are closely spaced. For practical 
purposes the number of points used should be as small as possible. 
Therefore the main challenge of this approach is to determine a 
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minimal set of temperature points needed to approximate the TCP 
displacement with a predefined accuracy.  
The next step is to define a realistic temperature range for each 
point. These intervals will then have to be discretized where the 
fineness of the subdivisions depends on the variability of the 
displacement gradient and the polynomial order of the 
characteristic diagram. The combination of these one-dimensional 
axes to an n-dimensional rectangular grid forms the structure of 
the characteristic diagram onto which the TCP displacement is 
mapped. 
If each grid vertex is denoted by an n-dimensional index ଌԦ, 
then the approximation of the z-component of the TCP 
displacement at a given location ሬԦ  = (T1,…,Tn)  inside the 
characteristic diagram can be expressed as a weighted sum of 
kernel functions K ଌԦ 
fz (ሬԦ(t)) =σ ఩Ԧ఩Ԧ  ή ఩Ԧ ቀሬԦሺሻቁ (1) 
In this case, the location ሬԦ(t) is a set of temperatures Ti taken from 
the temperature field of the machine tool at a given moment t. The 
kernel functions can be anything from simple polynomials to 
complex wavelets, however, most kernel functions get smaller 
with increasing distance from their corresponding grid vertex and 
are only non-zero within its immediate vicinity. 
A very simple one-dimensional kernel is a linear hat function 




This kernel of vertex k is non-zero only between grid vertices    
(k-1) and (k+1) and decreases linearly from one at its center 
towards zero at its neighbors. 
A detailed description on the calculation and use of 
characteristic diagrams can be found in [2] and [3].  Figure 1 
shows a simple two-dimensional characteristic diagram fitting the 
training data represented by the blue dots. This example merely 
illustrates the principle of characteristic diagram based 
approximation because the two inputs used therein, could never 
reliably predict complex machine tool deformations. 
 
Figure 1: Simple characteristic diagram with 2 input variables 
(temperatures) 
The size or in a sense the complexity of a characteristic 
diagram is measured in the number of vertices that make up its 
grid. This size is determined by the number of input variables, 
here temperature points, and the fineness of their discretization. In 
order to determine the smallest possible characteristic diagram 
allowing an approximation with a given precision, these two 
determining factors, dimensionality and fineness must be weighed 
against each other. 
 
3. Overcoming size limitations 
 
Most characteristic diagrams used today do not exceed two to 
three input variables. Though there is no theoretical limit to the 
size of a characteristic diagram, most conventional algorithms can 
handle no more than five to six input variables due to insufficient 
memory or exorbitant processing times. This is mostly caused by 
the use of direct solvers which create a vast matrix fill-in during 
the solving of the very large but originally sparse linear systems 
arising from the regression equations (see chapter 1). Table 1 
shows the dramatic increase in the number of grid vertices as the 
number of input variables (columns) grows or the fineness of the 
grid (rows) is doubled. 
 
Table 1: Number of vertices of an n-dim. rectangular grid with m intervals per dimension 
grid dimension 1D 2D 3D 4D 5D 6D 7D 8D 
1 interval each 
2 intervals each 
4 intervals each 
8 intervals each 
2 4 8 16 32 64 128 256 
3 9 27 82 243 729 2,187 6,561 
5 25 125 625 3,125 15,625 78,125 3.9E5 
9 81 729 6,561 59,049 5.3E5 4.8E6 4.3E7 
 
To expand the manageable grid size, [4] suggests calculating 
characteristic diagrams from a finite element discretization derived 
from an energy minimization problem and solving with the use of 
an efficient multigrid solver. For n-dimensional piecewise linear 
approximation with constant smoothing (see [3]) such 
optimization problem would be 

୤ǣ୘ሬԦ՜୸








   
(3) 
The first part of this equation gives the total data error as the sum 
of the distance of each training sample ( ÇሬሬሬԦ , zi) from the 
characteristic diagram approximation fz (ሬԦi). The second part gives 
the smoothness error as the integral over the gradient of the 
characteristic diagram. Local variations in the desired smoothness 
can be realize by adjusting the weight w(ሬԦ). 
Setting the directional derivatives of fz to zero will give the partial 
differential equation (PDE) needed to assemble the linear system 
whose solution yields the characteristic diagram. 
Using a multigrid algorithm to solve the generated linear 
system is particularly advantageous because the hierarchical grids 
needed for such algorithms are easily obtained for rectangular grid 
elements. Multigrid methods also allow for grid fineness 
independent convergence rates in a wide range of problems. Like 
other iterative solvers, they also offer the possibility to solve the 
linear system without ever fully assembling its coefficient matrix 
[5].  There are, however, several multigrid methods available and 
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not all perform equally well in every application. To find the best 
multigrid solver for the linear system described above, several 
algorithms were implemented and compared. Table 2 shows the 
number of iterations each solver needed followed by the 
processing time in ms. Tested were a multigrid solver (MG), a full 
multigrid solver (FMG), a multigrid preconditioned conjugate 
gradient algorithm (MG-PCG) and a BPX-preconditioned 
conjugate gradient algorithm (BPX-PCG). W-cycles were used in 
each case. V-cycles needed more iterations but showed similar 
processing times and convergence behavior. This test was 
performed on a two-dimensional grid with growing fineness. It 
demonstrates the grid independent convergence of all tested 
multigrid methods. Because of this, the processing time increased 
at roughly the same rate as the number of grid vertices. The MG-
PCG performed best among the tested algorithms and is therefore 
the recommended solver for characteristic diagrams created with 
this new FE-based approach. 
Table 2: Number of iterations (left) and processing time [ms] (right) of 
various multigrid methods 
# vertices MG FMG MG-PCG BPX-PCG 
81 11     79 11     37 7     27 48    32 
153 9       85 9       39 6     29 50    39 
297 8       88 7       44 6     35 51    54 
585 8       98 8       58 6     46 53    82 
1161 8      122 7       78 6     67 50   132 
2145 8      211 8     168 6   127 58   399 
4257 8      332 8     299 7   248 61   833 




Figure 2: TCP approximation from simulation with eight sensors 
 
Figure 2 demonstrates the quality of the characteristic diagram 
based TCP approximation on data from thermo-elastic FE-
simulations on a model of the prototype machine tool Auerbach 
ACW 630 (figure 3). Testing was done using two-fold cross-
validation. Eight temperature sensors (at the green locations 
shown in figure 4) were used to create the grid and a multigrid 
solver enabled its calculation. Heat sources in this example were 
the motor flange on top of the machine tool column and the 
spindle on its bottom which as part of a spindle drive is used to 
move the column from side to side. 
This demonstration shows that the thermo-elastic deformations 
occurring in machine tools can indeed be predicted quite 
accurately from the temperatures at a small number of selected 
positions. Since the training data has come from simulations and is 
thus unaffected by measurement and stochastic errors, a nearly 
perfect approximation should be feasible. Short from adding more 
and more temperature sensors to prevent the remaining error 
spikes (here only one spike remains near sample 310), the best 
way to further improve precision is by optimal sensor placement.  
Figure 3: Prototype machine tool Auerbach ACW 630 
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4. Optimal sensor placement through sensitivity analysis 
 
The accuracy and robustness of the TCP displacement 
estimation from temperature measurements using characteristic 
diagrams depend significantly on the locations of the thermal 
sensors on the machine surface.  
In order to optimize the sensor positions with methods of optimal 
experimental design, a newly developed least squares estimator 
(see [6]) first reconstructs the entire temperature field from a select 
few temperature measurements, then calculates the corresponding 
displacement field and finally reads out the desired quantity, i. e. 
the TCP displacement.  
The estimator and thus its quality, particularly its sensitivity 
against measurement errors, depend on the sensor positions and 
can be judged based on the eigenvalues of its covariance matrix. 
High eigenvalues point to a high sensitivity of the TCP 
displacement with respect to perturbations in the temperature 
measurements and small eigenvalues lead to a high robustness 
against measurement errors. For this reason, the optimal sensor 
positions were determined by minimizing the largest eigenvalue of 
the estimator's covariance. A detailed description of the presented 
methods can be found in [6] and [7]. Figure 4 shows the result of 
the optimal sensor placement performed on the ACW 630. The 
improvement brought by this selection compared to intuitive 
sensor placement is shown in figure 4. Using the same data as 
before (see figure 2) the error spike near sample 310 could be 
removed, reducing the maximum approximation error to a quarter.  
 
Figure 4: Optimized (red) and intuitively chosen (green) sensor positions 
 
 
Figure 5: Approximation error for intuitive (blue) and optimal (orange) sensor positions 
 
5. Additional characteristic diagram inputs 
 
Temperature sensors offer the most effective way to 
approximate the thermal deformation of a machine tool. The 
number of sensors that can be used for such correction is, 
however, limited by economic and practical considerations. One 
of the main advantages of characteristic diagrams is that they need 
not differentiate by the physical nature of their input variables. 
Other, more readily available input parameters such as motor 
power, motor torque, spindle speed, the kinematic configuration, 
etc., which can be retrieved from the machine tool control, can be 
used to extend the characteristic diagram in the same way an 
additional temperature sensor would.  
For best approximation results, each type of input variable 
should be tested to find its optimal polynomial degree (or type of 
kernel function) and type of smoothness for the regression. A 
simple way to find the best polynomial degree is to start with 
linear kernels and increase the polynomial degree until overfitting 
occurs. The type of smoothness usually depends on the physical 
nature of the input variable and will mostly be either constant or 
linear (see [3]). 
 
6. Optimal grid structure 
 
The quality of characteristic diagram based correction is 
linked to the fineness of its grid (see chapter 3). Each section of 
the grid has a maximum fineness above which the approximation 
can no longer be significantly improved. Finer discretizations may 
be required for an entire grid axis, e. g. a temperature sensor, for a 
section within such a grid axis or in any multidimensional section 
of the grid. Usually a coarse grid is refined in places where the 
approximation error is particularly large but one could also 
calculate the finest possible grid and then omit nodes where the 
displacement is particularly smooth. The former approach is 
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realized in the adaptive FEM where local error estimators are used 
to identify critical grid sections (see [8]). It is expected that the 
adaptive FEM works well in combination with the new FE-based 
characteristic diagram approach and the therein used multigrid 
solvers (see [9] and chapter 2). Research in this matter will be part 
of the CRC/TR 96. 
Another elegant way of reducing the grid size is through the 
use of sparse grids. By omitting some of the hierarchical 
subspaces that would otherwise be needed to assemble a full grid, 
grid size reduction can be achieved without significant loss of 
accuracy (see [10] and [11]). 
The grid of a characteristic diagram is called a hypercube. 
Usually along the corners or edges of these hypercubes there are 
sections, represented by combinations of certain local 
temperatures, that are not found in any thermal state the machine 
tool might have during its operation. A good way to cut off these 
empty grid sections is to rotate the grid using principle component 
analysis. Based on the covariance of the input variables, the new, 
rotated grid axes are essentially linear combinations of the former 
input variables (see [12]). While the use of these mixed or virtual 
inputs can greatly reduce the grid size, one can only apply this 
transformation to parameters with the same type of smoothing and 
regression (see [3]). 
 
7. Further research 
 
The TCP displacement approximations up to this point have 
been very accurate but they only considered a single, fixed 
kinematic configuration (pose) of the machine tool. 
Approximations including moving machine tool axes present a 
host of additional challenges. A moving spindle slide, e.g., will 
induce heat into the column at whatever height the slide might 
currently have. This increases the set of thermal configurations the 
characteristic diagram must span. Particularly if the training data 
for the characteristic diagram comes from measurements, it will be 
very difficult and tedious to provide a sufficiently large data base 
to ensure good approximations. Having the spindle slide as a kind 
of moving heat source also reduces the effectiveness of the 
sensitivity analysis, making truly optimal sensor placement 
impossible. Even if no heat was transfered between the spindle 
slide and the machine tool column, a deformed column will affect 
the TCP displacement differently for different slide positions. For 
all these reasons the characteristic diagram based correction 
presented here has not yet been able to reliably approximate the 
displacement in motion. A promising solution involves the use of 
axis positions as additional input variables for the characteristic 
diagram and the development of pose independent optimal sensor 
placement, which will be subjects of the coming CRC/TR 96 
research. 
 
A great strength of characteristic diagrams is their effortless 
usability. While it can take quite long to calculate and optimize a 
characteristic diagram from a data base, its use is simple and 
efficient. Retrieving the TCP displacement from a characteristic 
diagram for a given data set of input variables can be done online, 
on a machine tool control during operation, and then instantly 
applied to the current commanded TCP position. The challenges 
of this application include the integration of very large 
characteristic diagrams into the machine tool control, guaranteeing 
steady TCP offsets without large jumps and providing all sensory 
input timely to the characteristic diagram. These challenges will 




Characteristic diagrams can be used to approximate the TCP 
displacement that machine tools experience during their operation 
due to waste heat and varying environmental conditions. The TCP 
displacement can be directly mapped onto a set of temperature 
points which distinguish sufficiently between all relevant thermal 
states of the machine tool. Significant improvements to the 
effectiveness and accuracy of this method can be made through 
grid structure optimization and optimal sensor placement. A new 
FE-based characteristic diagram approach using a multigrid solver 
greatly increases the number of usable input variables. Additional 
variables such as machine control parameters can be used to 
further improve the approximation. Problems still arising from 





This research was supported by a German Research 
Foundation (DFG) grant within the Collaborative Research 




[1] K. Grossmann et al., “Thermo-Energetic Design of 
Machine Tools”, Springer, 2015. 
[2]  U. Priber, “Smoothed Grid Regression”, in: 
Proceedings Workshop Fuzzy Systems, Vol. 13, 
Dortmund, 2003, pp. 159-172. 
[3]  C. Naumann, U. Priber, „Modellierung des Thermo-
Elastischen Verhaltens von Werkzeugmaschinen mittels 
Hochdimensionaler Kennfelder“, in: Proceedings 
Workshop Computational Intelligence, Vol. 22, 
Dortmund, 2012, pp. 365-383. 
 [4]  C. Naumann, I. Riedel, R. Herzog, U. Priber, 
“Correction Algorithms and High-Dimensional 
Characteristic Diagrams”, in: Thermo-Energetic Design 
of Machine Tools, Springer, 2015, lecture notes in 
production engineering, pp. 159-174. 
[5]  Y. Saad, “Iterative Methods for Sparse Linear Systems”, 
2nd Edition, Society for Industrial and Applied 
Mathematics, 2003. 
[6]  R. Herzog, I. Riedel, “Sequentially optimal sensor 
placement in thermos-elastic models for real time 
applications”, in: Optimization and Engineering (2015) 
1-30. 
[7]  R. Herzog, I. Riedel, “Comparison of two suboptimal 
sensor placement strategies in thermo-elastic models”, 
in: Proceedings in Applied Mathematics and Mechanics 
14 (1) (2014) 881-882. 
[8]  M. Ainsworth, J. T. Oden, “A Posteriori Error Estimation 
in Finite Element Analysis”, Wiley, 2000. 
[9]  L. Stals, “Implementation of multigrid on parallel 
machines using adaptive finite element methods”, in: 
Proceedings Ninth International Conference on Domain 
Decomposition Methods, 1998. 
[10]  H.-J. Burgantz, M. Griebel, “Sparse grids”, Cambridge 
University Press, 2004. 
[11]  D. Pflueger, “Spatially adaptive sparse grids for high-
dimensional problems”, Dissertation, TU München 
(2010). 
 
